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FOUR-DIMENSIONAL COMPLETE GRADIENT
SHRINKING RICCI SOLITONS
HUAI-DONG CAO, ERNANI RIBEIRO JR, AND DETANG ZHOU
Abstract. In this article, we study four-dimensional complete (not neces-
sarily compact) gradient shrinking Ricci solitons. We prove that a four-
dimensional complete gradient shrinking Ricci soliton satisfying a pointwise
condition involving either the self-dual or anti-self-dual part of the Weyl ten-
sor is either Einstein, or a finite quotient of either the Gaussian shrinking
soliton R4, or S3 × R, or S2 × R2. In addition, we provide some curvature
estimates for four-dimensional complete gradient Ricci solitons assuming that
its scalar curvature is suitable bounded by the potential function.
1. Introduction
A complete Riemannian metric g on a smooth manifold Mn is called gradient
shrinking Ricci soliton if there exists a smooth potential function f on Mn such
that the Ricci tensor Ric of the metric g satisfies the equation
(1.1) Ric+Hess f =
1
2
g.
Here, Hess f denotes the Hessian of f. Gradient Ricci solitons are an important
object in understanding Hamilton’s Ricci flow [19]. They often arise as singularity
models of the Ricci flow, thus playing a crucial role in the singularity analysis of
the Ricci flow. Indeed, it has been confirmed by Enders, Mu¨ller and Topping [16]
that, under certain mild restriction, the blow-ups around a Type I singularity point
of a Ricci flow converge to (nontrivial) gradient shrinking Ricci solitons. We refer
the reader to the survey [1] and references therein for an overview on the subject.
In dimension n = 2, Hamilton [19] showed that any two-dimensional gradient
shrinking Ricci soliton is either isometric to the plane R2 or a quotient of the sphere
S2. For n = 3, by the works of Ivey [20], Perelman [27], Naber [25], Ni-Wallach [26],
and Cao-Chen-Zhu [2], it is known that any complete three-dimensional gradient
shrinking Ricci soliton is a finite quotient of either the round sphere S3, or the
Gaussian shrinking soliton R3, or the round cylinder S2 × R. In recent years, a
lot of progress has been made in understanding gradient shrinking Ricci solitons
in higher dimensions; see, e.g., [5, 7, 15, 18, 21, 22, 24–26, 28, 31] and the references
therein.
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Before discussing the four-dimensional case, we emphasize that dimension four
displays fascinating and peculiar features, for this reason much attention has been
given to this dimension. Many peculiar features on oriented 4-manifolds directly
rely on the fact that the bundle of 2-forms Λ2 can be invariantly decomposed as a
direct sum
(1.2) Λ2 = Λ+ ⊕ Λ−,
where Λ± is the (±1)-eigenspace of the Hodge star operator ∗. In this scenario,
we now briefly recall a few relevant results on classification of four-dimensional
complete gradient shrinking Ricci solitons under vanishing conditions involving the
Weyl tensor W. For instance, it is known by the works of [7, 15, 22, 26, 28, 31] that
complete locally conformally flat (i.e. W = 0) four-dimensional gradient shrinking
Ricci solitons are isometric to finite quotients of either S4, R4, or S3 × R. Later,
Chen and Wang [12] proved that half-conformally flat (i.e. W+ = 0 or W− = 0)
four-dimensional gradient shrinking Ricci solitons are isometric to finite quotients
of S4, CP2, R4, or S3 × R. In [3], Cao and Chen were able to prove that complete
Bach-flat four-dimensional gradient shrinking Ricci solitons are either Einstein or
finite quotients of R4 or S3 × R. We point out that either locally conformally flat
metrics, Einstein metrics, or half-conformally flat metrics on four-dimensional man-
ifolds are Bach-flat. On the other hand, Ferna´ndez-Lo´pes and Garc´ıa-Rı´o [18], and
Munteanu-Sesum [22] showed that complete gradient shrinking Ricci solitons with
harmonic Weyl tensor (i.e. δW = 0) are rigid, namely, they are either Einstein, or
a finite quotient of R4, S2 × R2 or S3 × R. A more recent result, due to Wu, Wu
and Wylie [30], states that the same conclusion holds under the weaker condition
of harmonic self-dual Weyl tensor (i.e. δW+ = 0). In [9], Catino showed that every
four-dimensional compact shrinking Ricci soliton satisfying the integral pinching
condition ∫
M
|W |2dVg + 5
4
∫
M
|R˚ic|2dVg ≤ 1
48
∫
M
R2dVg
is isometric to a quotient of S4. Here, R˚ic stands for the traceless Ricci tensor. Other
interesting results on four-dimensional compact shrinking Ricci soliton satisfying
suitable pinching conditions were obtained, for instance, by Cao and Hung [6]. In
addition, Catino [8] proved that every four-dimensional complete gradient shrinking
Ricci soliton with nonnegative Ricci curvature and satisfying
(1.3) |W |R ≤
√
3
(
|R˚ic| − 1
2
√
3
R
)2
is a finite quotient of R4, S3 × R, or S4. Moreover, as it was observed in [30], the
nonnegative Ricci curvature Ric ≥ 0 assumption in Catino’s result can be removed.
Later, by a different approach, Zhang [32] showed that a four-dimensional complete
gradient shrinking Ricci soliton with bounded and nonnegative Ricci curvature
0 ≤ Ric ≤ C and satisfying
(1.4) |W | ≤ γ
∣∣∣|R˚ic| − 1
2
√
3
R
∣∣∣,
for some constant γ < 1+
√
3, is either flat or has 2-positive Ricci curvature. Notice,
however, that the pinching conditions (1.3) and (1.4) do not recover the complete
gradient product Ricci soliton S2 × R2, which can also be considered as a gradient
shrinking Ka¨hler-Ricci soliton.
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Now, we are ready to state our first result.
Theorem 1. Let (M4, g, f) be a four-dimensional complete gradient shrinking
Ricci soliton such that either
|W+|2 −
√
6|W+|3 ≥ 1
2
〈(R˚ic⊙ R˚ic)+,W+〉,
or
|W−|2 −
√
6|W−|3 ≥ 1
2
〈(R˚ic⊙ R˚ic)−,W−〉.
Then (M4, g, f) is either
(i) Einstein, or
(ii) a finite quotient of either the Gaussian shrinking soliton R4, or S3 ×R, or
S2 × R2.
Remark 1. One new feature is that no Ricci curvature bound is assumed. More-
over, equality in Theorem 1 for W+ holds for the product Ricci soliton S2 × R2,
regarded as a gradient Ka¨hler-Ricci soliton with respect to the natural orientation
induced from the complex structure on CP1×C. Therefore, to some extent, Theorem
1 can be considered as a gap theorem for S2 × R2.
Remark 2. It is also interesting to estimate the value of 〈(R˚ic ⊙ R˚ic)+,W+〉 in
order to obtain a condition depending on the norm of R˚ic instead of a Kulkarni-
Nomizu product ⊙ in the right hand side of our assumption in Theorem 1. In fact,
we can prove the inequality
(1.5) 〈(R˚ic⊙ R˚ic)+,W+〉 ≤
√
6|R˚ic|2|W+|;
see Proposition 2 in Section 2 for more details. However, notice that the equality
case of (1.5) does not hold for S2 × R2. Indeed, as shown in Example 1 in Section
2, we have
〈(R˚ic⊙ R˚ic)+,W+〉 =
√
6
3
|R˚ic|2|W+|
for S2 × R2.
Curvature estimates play a crucial role in the study of complete noncompact
gradient shrinking Ricci soliton. In this context, it is well known that the curvature
of three-dimensional gradient shrinking Ricci solitons must be nonnegative [11,
19, 20]. However, for dimension four or higher, this is no longer true according
to the example of Feldman, Ilmanen and Knopf [17]. Recently, there has been
much progress concerning the curvature estimate of four-dimensional gradient Ricci
solitons, led by the work of Munteanu and Wang [23] in which they proved that
a complete four-dimensional gradient shrinking Ricci soliton must have bounded
Riemann curvature tensor Rm, provided that its scalar curvature R is bounded
above by a constant. Similar curvature estimates were also obtained for complete
four-dimensional gradient steady Ricci solitons by Cao and Cui [4]; see also Chan
[10].
In our next result, inspired by the work in [23], we shall prove curvature estimates
for four-dimensional complete gradient shrinking Ricci solitons by assuming that
its scalar curvature is suitable bounded by the potential function (hence allowing
controlled quadratic growth). More precisely, we have established the following
result which extends the curvature estimates by Munteanu and Wang.
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Theorem 2. Let (M4, g, f) be a four-dimensional complete noncompact gradient
shrinking Ricci soliton satisfying
R ≤ A+ εf,
for some constants A > 0 and 0 ≤ ε < 1. Then there exist positive constants c0, c1
and c2 (independent of f) such that the following curvature estimates hold on M :
(1) |Ric| ≤ c0 + (c1ε) f ;
(2) |Rm| ≤ c0 + (c2ε) f2.
Remark 3. Recently, Chow, Freedman, Shin and Zhang [13] showed that any four-
dimensional gradient shrinking Ricci soliton arising as a blow-up limit of finite time
singularity of the Ricci flow must have curvature tensor satisfying |Rm| ≤ c(r+1)2,
i.e., Rm has at most quadratic growth. It would be interesting to see if our estimate
(2) can be improved to |Rm| ≤ c0 + (c2ε) f so that Rm also has at most quadratic
growth in our situation.
Remark 4. We point out that, by using the estimate on the Riemann curvature
tensor obtained in Theorem 2 and essentially the same arguments as in [23], one
can further derive the estimate
|∇Rm| ≤ c3 + (c4ε) f4,
for some positive constants c3 and c4.
The article is organized as follows. In Section 2, we review some classical tensors
and basic facts about gradient shrinking Ricci solitons. Moreover, we provide some
key lemmas that will be used in the proof of the main results. In Section 3, we
prove Theorem 1. In Section 4, we present the proof of the curvature estimates
stated in Theorem 2.
2. Background
In this section we review some basic facts and present some lemmas that will be
useful in the proof of the main results.
We start by recalling some special tensors in the study of curvature for a Rie-
mannian manifold (Mn, g) of dimension n ≥ 4. The first one is the Weyl tensor W
which is defined by the following decomposition formula
Rijkl = Wijkl +
1
n− 2
(
Rikgjl +Rjlgik −Rilgjk −Rjkgil
)
− R
(n− 1)(n− 2)
(
gjlgik − gilgjk
)
,(2.1)
where Rijkl stands for the Riemann curvature tensor. The second one is the Cotton
tensor C given by
(2.2) Cijk = ∇iRjk −∇jRik − 1
2(n− 1)
(∇iRgjk −∇jRgik).
Next, the Schouten tensor A is defined by
(2.3) Aij = Rij − R
2(n− 1)gij .
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Combining Eqs. (2.1) and (2.3) we obtain
(2.4) Rijkl =
1
n− 2(A⊙ g)ijkl +Wijkl ,
where ⊙ is the Kulkarni-Nomizu product.
Recall that the Kulkarni-Nomizu product ⊙, which takes two symmetric (0, 2)-
tensors and yields a (0, 4)-tensor with the same algebraic symmetries of the curva-
ture tensor, is defined by
(α⊙ β)ijkl = αikβjl + αjlβik − αilβjk − αjkβil.(2.5)
As mentioned in the introduction, four-dimensional manifolds display various
special features. For instance, the bundle of 2-forms Λ2 on a four-dimensional
oriented Riemannian manifold can be invariantly decomposed as a direct sum,
(2.6) Λ2 = Λ+ ⊕ Λ−.
This decomposition is conformally invariant. In particular, let {ei}4i=1 be an ori-
ented orthonormal basis of the tangent space at any fixed point p ∈ M4, then it
gives rise to bases of Λ± given by
(2.7)
{
e1 ∧ e2 ± e3 ∧ e4, e1 ∧ e3 ± e4 ∧ e2, e1 ∧ e4 ± e2 ∧ e3
}
,
where each bi-vector has length
√
2. Moreover, the decomposition (2.6) allows us
to conclude that the Weyl tensor W is an endomorphism of Λ2 = Λ+ ⊕ Λ− such
that
(2.8) W =W+ ⊕W−,
where W± : Λ±M −→ Λ±M are called the self-dual part and anti-self-dual part
of the Weyl tensor W , respectively. Thereby, we may fix a point p ∈ M4 and
diagonalize W± such that w±i , 1 ≤ i ≤ 3, are their respective eigenvalues. Also,
these eigenvalues satisfy
(2.9) w±1 ≤ w±2 ≤ w±3 and w±1 + w±2 + w±3 = 0.
We now establish the following algebraic proposition.
Proposition 1. Let (M4, g) be a four-dimensional Riemannian manifold. Then
we have:
(1) 32 (w
+
3 )
2 ≤ |W+|2, and
(2) detW+ ≤ 16 (w+3 )|W+|2 ≤
√
6
18 |W+|3.
Moreover, equality holds in either case if and only if w+1 = w
+
2 .
Proof. Firstly, it follows from (2.9) that
|W+|2 = (w+1 )2 + (w+2 )2 + (w+3 )2
=
1
2
(
w+1 + w
+
2
)2
+
1
2
(w+1 − w+2 )2 + (w+3 )2
≥ 1
2
(w+3 )
2 + (w+3 )
2 =
3
2
(w+3 )
2.(2.10)
Moreover, the equality holds if and only if w+1 = w
+
2 , as asserted.
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Proceeding, we compute
(w+3 )|W+|2 − 6 detW+ = 2w+3
[
(w+3 )
2 + (w+2 )
2 + (w+3 )(w
+
2 )
] − 6w+1 w+2 w+3
= 2(w+3 )
3 − 8w+1 w+2 w+3
= 2(w+3 )(w
+
1 − w+2 )2 ≥ 0,(2.11)
where we have used repeatedly that w+1 + w
+
2 + w
+
3 = 0. The second inequality
now follows from the above and inequality (1). Moreover, the equality case is
straightforward. This finishes the proof of Proposition 1.

As is well known, the curvature operator Rm of a four-dimensional Riemannian
manifold M4 admits the following decomposition
(2.12) Rm =


W+ + R12Id R˚ic
R˚ic
⋆
W− + R12Id


,
where R˚ic : Λ− → Λ+ stands for the traceless part of the Ricci curvature of M4.
In the sequel, we present an estimate for (R˚ic⊙R˚ic)+ on oriented four-dimensional
Riemannian manifolds.
Proposition 2. Let (M4, g) be an oriented four-dimensional Riemannian mani-
fold. Then we have:
(1) |(R˚ic⊙ R˚ic)|2 ≤ 6|R˚ic|4. Moreover, equality holds if and only if 4|R˚ic2|2 =
|R˚ic|4, where (R˚ic2)ik = (R˚ic)ip(R˚ic)kp.
(2) |(R˚ic⊙R˚ic)+|2 ≤ 6|R˚ic|4. Furthermore, equality holds if and only if |(R˚ic⊙
R˚ic)−| = 0.
Proof. First of all, the Kulkarni-Nomizu product yields
(R˚ic⊙ R˚ic)ijkl = 2(R˚ikR˚jl − R˚ilR˚jk).
Suppose R˚ij = λiδij , then for each i 6= j,
(R˚ic⊙ R˚ic)ijkl = 2λiλj(δikδjl − δilδjk).
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Therefore, we obtain
|(R˚ic⊙ R˚ic)|2 = 8
∑
i6=j
λ2iλ
2
j = 8
4∑
i=1

∑
j 6=i
λ2iλ
2
j


= 8
4∑
i=1
λ2i

∑
j 6=i
λ2j

 = 8 4∑
i=1
λ2i

 4∑
j=1
λ2j − λ2i


= 8


(
4∑
i=1
λ2i
)2
−
4∑
i=1
λ4i


≤ 8


(
4∑
i=1
λ2i
)2
− 1
4
(
4∑
i=1
λ2i
)2 = 6|R˚ic|4.
In particular, equality holds if and only if 4|R˚ic2|2 = |R˚ic|4.
Next, taking into account the decomposition (2.6), one sees that
|(R˚ic⊙ R˚ic)+|2 ≤ |R˚ic⊙ R˚ic|2 ≤ 6|R˚ic|4,
and consequently,
|(R˚ic⊙ R˚ic)+| ≤
√
6|R˚ic|2,
which gives the desired result.

We highlight that the estimate (1.5) in Remark 2 is an immediate consequence
of the Cauchy-Schwarz inequality combined with Proposition 2.
For our purpose, as explained in the introduction, it is useful to examine the
gradient shrinking Ricci soliton on S2 × R2.
Example 1. Let
(
S
2(
√
2)× R2, g, f
)
denote the gradient shrinking Ricci soliton
on the round cylinder S2(
√
2) × R2, with the product metric g and the potential
function given by f(x, y) = |y|
2
4 + 1, for (x, y) ∈ S2(
√
2) × R2. It is easy to see
that S2(
√
2) × R2 has constant scalar curvature R = 1. In particular, we may
choose a basis {e1, e2, e3, e4} such that {e1, e2} are tangent to the first factor and
{e3, e4} tangent to the second factor. Therefore, under this coordinates, we have
the expressions of Ricci curvature and traceless Ricci curvature given by
(2.13) Ric =


1
2 0 0 0
0 12 0 0
0 0 0 0
0 0 0 0


and
(2.14) R˚ic =


1
4 0 0 0
0 14 0 0
0 0 − 14 0
0 0 0 − 14

 .
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Next, by using the decomposition Λ2 = Λ+ ⊕ Λ−, one sees that
Rm =


1
4 0 0
1
4 0 0
0 0 0 0 0 0
0 0 0 0 0 0
1
4 0 0
1
4 0 0
0 0 0 0 0 0
0 0 0 0 0 0


.
Moreover, taking into account (2.8) and (2.12), we infer that W± has precisely two
distinct eigenvalues, i.e.,
W± =

 16 0 00 − 112 0
0 0 − 112

 .
Now, we claim that S2(
√
2)× R2 satisfies
(2.15) 〈(R˚ic⊙ R˚ic)+,W+〉 = 1
24
.
Indeed, a direct computation using the Kulkarni-Nomizu product (2.6) gives
(R˚ic⊙ R˚ic)ijkl = 2(R˚ikR˚jl − R˚ilR˚jk).
In particular, we have |R˚ic⊙ R˚ic|2 = 38 . Next, given a 2-form ω, we have(
(R˚ic⊙ R˚ic)ω
)
ij
=
1
2
(R˚ic⊙ R˚ic)ijklωkl
= (R˚ikR˚jl − R˚ilR˚jk)ωkl
= R˚ikR˚jlωkl − R˚ilR˚jkωkl.(2.16)
By using that R˚ic = λigij we achieve(
(R˚ic⊙ R˚ic)ω
)
ij
= λiδikλjδjlωkl − λiδilλjδjkωkl
= λiλjωij − λiλjωji
= 2λiλjωij .(2.17)
To proceed, we remember that the components of ep ∧ eq are given by δpqij =
(ep ∧ eq)ij , where δpqij is the generalized Kronecker delta symbol, which is defined
to be +1 if (p, q) = (i, j), −1 if (p, q) = (j, i), and 0 otherwise. Therefore, taking
into account the basis (2.7), for ω+1 = e
1 ∧ e2 + e3 ∧ e4, we deduce that
(R˚ic⊙ R˚ic)(ω+1 ) =
1
2
(R˚ic⊙ R˚ic)ijkl(ω+1 )kl
= 2λiλj(δ
ij
12 + δ
ij
34)
= 2λ1λ2δ
ij
12 + 2λ3λ4δ
ij
34.
Then, it follows from (2.14) that
(R˚ic⊙ R˚ic)(ω+1 ) = 2
1
16
δij12 + 2
1
16
δij34
=
1
8
ω+1 .(2.18)
GRADIENT SHRINKING RICCI SOLITONS 9
Similarly, for ω+2 = e
1 ∧ e3 + e4 ∧ e2 and ω+3 = e1 ∧ e4 + e2 ∧ e3, one concludes that
(R˚ic⊙ R˚ic)(ω+2 ) = −
1
8
ω+2
and
(R˚ic⊙ R˚ic)(ω+3 ) = −
1
8
ω+3 .
Recalling that (R˚ic⊙ R˚ic)±(ω) = (R˚ic⊙ R˚ic)(ω±), we obtain
(2.19) (R˚ic⊙ R˚ic)+ =

 18 0 00 − 18 0
0 0 − 18

 .
Consequently,
〈(R˚ic⊙ R˚ic)+,W+〉 = 1
48
+
1
96
+
1
96
=
1
24
,
which proves our claim.
In the sequel, we recall some important features of gradient shrinking Ricci
solitons (cf. [19]).
Lemma 1. Let
(
M4, g, f
)
be a four-dimensional gradient shrinking Ricci soliton.
Then we have:
(1) R+∆f = 2.
(2) 12∇R = Ric(∇f).
(3) ∆fR = R− 2|Ric|2.
(4) R+ |∇f |2 = f (after normalizing).
(5) ∆fRij = Rij − 2RikjlRkl.
(6) ∆fRm = Rm+Rm ∗Rm.
(7) ∇lRijkl = Rijklfl = ∇jRik −∇iRjk.
Here, ∆f · := ∆ · −∇∇f · stands for the drifted Laplacian.
In [11], Chen showed that every complete gradient shrinking Ricci soliton has
nonnegative scalar curvature. Concerning the potential function f, Cao and Zhou
[5] have proved that
(2.20)
1
4
(
r(x) − c
)2
≤ f(x) ≤ 1
4
(
r(x) + c
)2
,
for all r(x) ≥ r0. Moreover, they showed that every complete noncompact gradient
shrinking Ricci solitons have at most Euclidean volume growth (see [5, Theorem
1.2]). These asymptotic estimates are optimal in the sense that they are achieved
by the Gaussian shrinking soliton.
In [14], Derdzin´ski showed that every oriented four-dimensional Einstein mani-
fold (M4, g) satisfies the Weitzenbo¨ck formula
∆|W±|2 = 2|∇W±|2 +R|W±|2 − 36 detW±.
The Weitzenbo¨ck formula is a powerful ingredient in the theory of canonical metrics
on four-dimensional manifolds. It may be used to obtain classification results as
well as rule out some possible new examples.
Now we recall a useful Weitzenbo¨ck type formula for gradient Ricci solitons
[6, 29]. This formula will play a key role in the proof of Theorem 1.
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Proposition 3. Let (M4, g, f) be a four-dimensional gradient shrinking Ricci soli-
ton. Then we have:
∆f |W±|2 = 2|∇W±|2 + 2|W±|2 − 36 detW± − 〈(R˚ic⊙ R˚ic)±,W±〉,
where ⊙ stands for the Kulkarni-Nomizu product and ∆f · = ∆·−∇∇f · is the drifted
Laplacian.
3. Proof of Theorem 1
In this section, we will present the proof of Theorem 1. For convenience, we
restate it here.
Theorem 3. Let (M4, g, f) be a four-dimensional complete gradient shrinking
Ricci soliton such that either
|W+|2 −
√
6|W+|3 ≥ 1
2
〈(R˚ic⊙ R˚ic)+,W+〉,
or
|W−|2 −
√
6|W−|3 ≥ 1
2
〈(R˚ic⊙ R˚ic)−,W−〉.
Then (M4, g, f) is either
(i) Einstein, or
(ii) a finite quotient of either the Gaussian shrinking soliton R4, or S3 ×R, or
S
2 × R2.
Proof. To begin with, we invoke Proposition 3 to obtain
(3.1) ∆f |W±|2 = 2|∇W±|2 + 2|W±|2 − 36 detW± − 〈(R˚ic⊙ R˚ic)±,W±〉.
Since ∆f |W±|2 = 2|W±|∆f |W±|+ 2|∇|W±||2, we deduce that
2|W±|∆f |W±| = 2|∇W±|2 − 2|∇|W±||2 + 2|W±|2 − 36 detW±
−〈(R˚ic⊙ R˚ic)±,W±〉.
Now, we use the Kato’s inequality to infer
2|W±|∆f |W±| ≥ 2|W±|2 − 36 detW± − 〈(R˚ic⊙ R˚ic)±, W±〉.(3.2)
Thereby, by Proposition 1 (2) we achieve
(3.3) |W±|∆f |W±| ≥ |W±|2 −
√
6|W±|3 − 1
2
〈(R˚ic⊙ R˚ic)±,W±〉.
By assumption, we have
(3.4) |W+|2 −
√
6|W+|3 ≥ 1
2
〈(R˚ic⊙ R˚ic)+,W+〉.
In this case, it follows from (3.3) that |W±|∆f |W+| does not change sign. To
proceed, we first need to prove that |W+| ∈ L2(e−fdVg). Indeed, it follows from
(3.4) jointly with the Cauchy-Schwarz inequality and Proposition 2 (1) that
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√
6|W+|3 ≤ |W+|2 − 1
2
〈(R˚ic⊙ R˚ic)+,W+〉
≤ |W+|2 +
√
6
2
|R˚ic|2|W+|
≤ |W+|2 +
√
6
2
|Ric|2|W+|,
so that
(3.5)
√
6|W+|2 ≤ |W+|+
√
6
2
|Ric|2 ≤
√
6
2
|W+|2 + 1
2
√
6
+
√
6
2
|Ric|2.
Upon integrating this above expression over M4, one sees that
∫
M
|W+|2e−fdVg ≤ 1
6
∫
M
e−fdVg +
∫
M
|Ric|2e−fdVg.(3.6)
Next, it is well-known (see, e.g., Corollary 1.1 in [5]) that the weighted volume of
M4 is finite, i.e., ∫
M
e−fdVg <∞.
Moreover, Munteanu and Sesum [22, Theorem 1.1] proved that
∫
M
|Ric|2e−fdVg <∞.
Therefore, it follows from (3.6) that |W+| is L2f -integrable.
From (3.3) and the assumption in Theorem 3, we have
|W+|∆f |W+| ≥ 0.
Let ϕ :M → R be a smooth cut-off function such that ϕ = 1 on Bp(r) (a geodesic
ball centered at a fixed point p ∈ M of radius r), ϕ = 0 outside of Bp(2r) and
|∇ϕ| ≤ c
r
, where c is a constant. Therefore, we infer
0 ≥ −
∫
M
ϕ2|W+|∆f |W+|e−fdVg =
∫
M
〈∇(ϕ2|W+|), ∇|W+|〉e−fdVg
=
∫
M
ϕ2|∇|W+||2e−fdVg + 2
∫
M
ϕ|W+|〈∇|W+|,∇ϕ〉e−fdVg
=
∫
M
|ϕ∇|W+|+ |W+|∇ϕ|2e−fdVg −
∫
M
|W+|2|∇ϕ|2e−fdVg ,(3.7)
consequently, ∫
M
|∇(ϕ|W+|)|2e−fdVg ≤
∫
M
|W+|2|∇ϕ|2e−fdVg.
Thus, one obtains that
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∫
B(r)
|∇|W+||2e−fdVg ≤
∫
M
|∇(ϕ|W+|)|2e−fdVg
≤
∫
Bp(2r)\Bp(r)
|W+|2|∇ϕ|2e−fdVg ≤ c
2
r2
∫
M
|W+|2e−fdVg.(3.8)
Then, since |W+| is L2f -integrable we conclude that the right hand side tends to
zero as r →∞. In conclusion, |W+| must be constant on M4.
We now have two cases to be analyzed, namely, |W+| = 0 and |W+| 6= 0. Now,
if |W+| = 0, then we can use Theorem 1.2 in [12] to conclude that M4 is either
Einstein or a finite quotient of either the Gaussian shrinking soliton R4 or the round
cylinder S3 × R.
On the other hand, if |W+| is a nonzero constant, then we may use (3.1), as-
sumption (3.4) and Proposition 1 to infer that ∇W+ = 0 and
0 = 2|W+|2 − 36 detW+ − 〈(R˚ic⊙ R˚ic)+,W+〉
= 2|W+|2 − 2
√
6|W+|3 − 〈(R˚ic⊙ R˚ic)+,W+〉.
Therefore, since now equality holds in Proposition 1 (2), it follows that W+ has
precisely two distinct eigenvalues. Moreover, it is obvious that ∇W+ = 0 implies
δW+ = 0 (i.e., half harmonic Weyl curvature). Furthermore, by Proposition 5 in
[14], (M4, g) is actually Ka¨hler. In any case, we are in a position to apply Theorem
1.1 in [30] to conclude that M4 is either Einstein or a finite quotient of S2 × R2.
Obviously, if we change W+ by W− in (3.4) the proof of the theorem is exactly
the same. So, the proof is completed.

4. Proof of Theorem 2
In this section, we will investigate new curvature estimates for four-dimensional
gradient shrinking Ricci soliton assuming that its scalar curvature R is suitable
bounded by the potential function f, namely,
(4.1) R ≤ A+ εf
for some constants A > 0 and 0 ≤ ε < 1. To this end, it is fundamental to recall a
relevant estimate for the curvature operator Rm of gradient shrinking Ricci solitons
observed by Munteanu and Wang [23] (see also [10, Lemma 1]).
Proposition 4. Let (M4, g, f) be a four-dimensional complete noncompact gradi-
ent shrinking Ricci soliton. Then there exists a universal positive constant C0 such
that
|Rm| ≤ C0
(
|Ric|+ |∇Ric||∇f |
)
whenever |∇f | 6= 0.
Now, we are going to present the proof of the curvature estimates asserted in
Theorem 2 that will be stated again here.
Theorem 4. Let (M4, g, f) be a four-dimensional complete noncompact gradient
shrinking Ricci soliton satisfying
R ≤ A+ εf,
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for some constants A > 0 and 0 ≤ ε < 1. Then there exist c0, c1 and c2 such that
the following curvature estimates hold on M :
(1) |Ric| ≤ c0 + (c1ε) f ;
(2) |Rm| ≤ c0 + (c2ε) f2.
Proof. Throughout the proof, for simplicity, we shall use c or C to denote some
universal constants which may vary from line to line.
We start by proving the estimate on the Ricci tensor Ric. In the first part of
the proof, we shall follow the arguments by Munteanu-Wang [23]. To begin with,
notice that
∆f |Ric|2 ≥ 2|∇Ric|2 − c|Rm||Ric|2
≥ 2|∇Ric|2 − c|Ric|3 − c |∇Ric||∇f | |Ric|
2,(4.2)
where we have used Lemma 1 and Proposition 4.
On the other hand, for any 0 < a < 1, one easily verifies from Lemma 1 (3) that
∆f
( 1
Ra
)
= −aR−a−1∆fR+ a(a+ 1) |∇R|
2
Ra+2
= − a
Ra
+ 2a
|Ric|2
Ra+1
+ a(a+ 1)
|∇R|2
Ra+2
.(4.3)
This jointly with (4.2) yields
∆f
( |Ric|2
Ra
)
=
∆f |Ric|2
Ra
+ |Ric|2∆f
( 1
Ra
)
+ 2
〈
∇|Ric|2,∇
( 1
Ra
)〉
≥ 1
Ra
[
2|∇Ric|2 − c|Ric|3 − c |∇Ric||∇f | |Ric|
2
]
+|Ric|2
[
− a
Ra
+ 2a
|Ric|2
Ra+1
+ a(a+ 1)
|∇R|2
Ra+2
]
+2
〈
∇|Ric|2,∇
( 1
Ra
)〉
.(4.4)
By the Cauchy-Schwarz and Kato’s inequalities, we have
2
〈
∇|Ric|2,∇
( 1
Ra
)〉
≥ −a(a+ 1) |Ric|
2|∇R|2
Ra+2
− 4a
a+ 1
|∇Ric|2
Ra
.
Therefore, returning to (4.4), we achieve
∆f
( |Ric|2
Ra
)
≥ 2(1− a)
(1 + a)
|∇Ric|2
Ra
− c |∇Ric||∇f |
|Ric|2
Ra
− c |Ric|
3
Ra
−a |Ric|
2
Ra
+ 2a
|Ric|4
Ra+1
.(4.5)
Taking into account that
2(1− a)
(1 + a)
|∇Ric|2
Ra
− c |∇Ric||∇f |
|Ric|2
Ra
≥ − (1 + a)
8(1− a)
c2
|∇f |2
|Ric|4
Ra
,
we then obtain
∆f
( |Ric|2
Ra
)
≥
(
2a− c
(1 − a)
R
|∇f |2
) |Ric|4
Ra+1
− c |Ric|
3
Ra
− a |Ric|
2
Ra
.(4.6)
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At the same time, we already know from Lemma 1 that R + |∇f |2 = f and
hence, our assumption implies
|∇f |2 ≥ (1− ε)f −A.
From this, it follows that
R
|∇f |2 ≤
R
(1− ε)f −A ≤
εf +A
(1− ε)f −A.
Plugging this into (4.6), one obtains that
(4.7) ∆f
( |Ric|2
Ra
)
≥
(
2a− c
(1− a)
(εf +A)
[(1 − ε)f −A]
) |Ric|4
Ra+1
− c |Ric|
3
Ra
− a |Ric|
2
Ra
.
Now, we need to analyze the term
Γ = 2a− c
(1− a)
(εf +A)
[(1− ε)f −A]
in the above expression. Indeed, considering a = 12 , one sees that
Γ = 1− 2c(εf +A)
[(1 − ε)f −A] .
Observe that
2c(εf +A)
[(1− ε)f −A] ≤
1
2
whenever A ≤ (1− ε− 4cε)
(1 + 4c)
f.
Notice that we can assume our ε has been chosen in such a way that ε < 1/(1+4c).
Therefore, the asymptotic behaviour of f in (2.20) guarantees that there exists
r0 > 0, depending only on A and ε, so that Γ ≥ 12 and (1 − ε)f − A ≥ 1 on
M \D(r0). Here, D(r0) = {f ≤ r0}. In view of this, it then follows that
∆fu ≥ 1
2
u2R−
1
2 − cu 32R 14 − u(4.8)
on M \D(r0), where u := |Ric|
2
√
R
.
In the sequel, let η : [0,+∞)→ [0, 1] be a smooth function such that
(4.9) η(t) =


0, t ∈ [0, 12 ],
1, t ∈ [1, 2],
0, t ∈ [3,+∞).
Moreover, we consider ϕ(x) = η
(
f(x)
ρ2
)
, where ρ > 2r0 is a constant.
Remark 5. Notice, in particular, that if f(x)
ρ2
∈ [1, 2], then ϕ(x) = 1. Furthermore,
it is easy to see that if f(x)
ρ2
> 3, then ϕ(x) = 0. So, one need only consider the case
f(x)
ρ2
≤ 3. Similarly, we deduce that ϕ(x) = 0 for all x such that f(x)
ρ2
< 1/2. Hence,
it suffices to analyze those points x ∈M so that
ρ2
2
≤ f(x) ≤ 3ρ2.
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Proceeding, it follows that
(4.10) |∇ϕ| ≤ |η′| |∇f |
ρ2
≤ |η′|
√
f
ρ2
≤ |η′|
√
3
ρ
.
Notice also that
(4.11) ∆fϕ = η
′′ |∇f |2
ρ4
+ η′
1
ρ2
∆ff = η
′′ |∇f |2
ρ4
+ η′
1
ρ2
(2− f) ≤ C,
for a universal constant C > 0. Here, we have used that ∆ff = 2 − f, which is a
direct consequence of equations (1) and (4) of Lemma 1.
From now on, we set G = ϕ2u = ϕ2 |Ric|
2
√
R
. Then, one obtains that
∇G = ∇
(
ϕ2u
)
= (∇u)ϕ2 + u∇ϕ2
and
∆fϕ
2 = 2|∇ϕ|2 + 2ϕ∆fϕ.
These facts combined with (4.8) allow us to infer
ϕ2∆fG = ϕ
2∆f (uϕ
2)
≥ ϕ4
[1
2
u2R−
1
2 − cu 32R 14 − cu
]
+ ϕ2u
[
2|∇ϕ|2 + 2ϕ∆fϕ
]
+2〈∇G,∇ϕ2〉 − 2u〈∇ϕ2,∇ϕ2〉
≥ 1
2
G2R−
1
2 − cG 32R 14 − cG+ 2〈∇G,∇ϕ2〉,(4.12)
where we also used that 0 ≤ ϕ ≤ 1. Besides, assuming that G achieves its maximum
at some point q ∈ D(3ρ2) = {x ∈M : f(x) ≤ 3ρ2}, we have
0 ≥ 1
2
G2(q)R−
1
2 (q)− cG 32 (q)R 14 (q)− cG(q).
Rearranging terms and considering v = G
1
2 , we get
0 ≥ 1
2
R−
1
2 v2 − cR 14 v − c,
at point q. Thus, by computing the discriminant, one sees that v(q) ≤ cR 34 (q).
Consequently,
G(q) ≤ cR 32 (q).
Now, on D(3ρ2), we have
G(x) ≤ G(q) ≤ cR 32 (q) ≤ c(εf(q) +A) 32 .
Therefore, on D(2ρ2) \D(ρ2), we deduce that
|Ric|2(x) = G(x)R 12 (x) ≤ G(q)R 12 (x)
≤ c(εf(q) +A) 32 (εf(x) +A) 12 ≤ C′(εf(x) +A)2,(4.13)
where we have used the fact that G = 0 onD(ρ2/2) and hence q ∈ D(3ρ2)\D(ρ2/2),
i.e., f(q) ≥ ρ22 .
Finally, since ρ can be arbitrarily large, we conclude that
|Ric| ≤ c0 + (c1ε) f
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on M \ D(r0). We can finish the proof of the first assertion in the theorem by
choosing c0 large enough so that estimate (1) in Theorem 4 holds on all M .
Next, we deal with the second assertion in the theorem, i.e., the estimate on the
Riemann curvature tensor. Again, we adapt the argument by Munteanu-Wang [23].
Initially, by assertion (6) of Lemma 1 and Kato’s inequality, one observes that
(4.14) ∆f |Rm| ≥ −c|Rm|2.
On the other hand, it follows from Proposition 4 that
∆f |Ric|2 ≥ 2|∇Ric|2 + 2|Ric|2 − 4|Rm||Ric|2
≥ 2|∇Ric|2 + 2|Ric|2 − C|Ric|3 − C |∇Ric||∇f | |Ric|
2.
This jointly with (4.14) yields
∆f
(
|Rm|+ |Ric|2
)
≥ |Rm|2 − (c+ 1)|Rm|2 + 2|∇Ric|2 + 2|Ric|2
−C|Ric|3 − C |∇Ric||∇f | |Ric|
2
≥ |Rm|2 − c|Ric|2 − c |∇Ric|
2
|∇f |2
+2|∇Ric|2 − C|Ric|3 − C |∇Ric||∇f | |Ric|
2,(4.15)
where we have used again Proposition 4.
Clearly,
C
|∇Ric|
|∇f | |Ric|
2 ≤ |∇Ric|
2
|∇f |2 +
C2
4
|Ric|4.
Plugging this inequality into (4.15) and using that the assumption R ≤ A + εf
implies |∇f |2 ≥ (1− ε)f −A, there exists a r0 > 0 (sufficiently large) so that
∆f
(
|Rm|+ |Ric|2
)
≥ |Rm|2 − c|Ric|3 − c|Ric|4(4.16)
on M \D(r0). It then follows that
∆f
(
|Rm|+ |Ric|2
)
≥ 1
2
(
|Rm|+ |Ric|2
)2
− c|Ric|4 − c|Ric|3.
In addition, by using the estimate |Ric| ≤ c0 + (c1ε) f established in the first part
of the proof, we see that
∆f
(|Rm|+ |Ric|2) ≥ 1
2
(|Rm|+ |Ric|2)2 − β(f),(4.17)
on M \D(r0), where β(f) = c
[
(c0 + (c1ε) f)
4 + (c0 + (c1ε) f)
3
]
.
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Now, as was accomplished in the proof of the first part, we consider the same
functions η and ϕ(x) = η
(
f(x)
ρ2
)
∈ C∞0 (D(3ρ2)), for some arbitrary ρ > 2r0 suffi-
ciently large.
Then one easily verifies that, for Q = ϕ2Φ with Φ = |Rm|+ |Ric|2,
∆fQ = ∆f (ϕ
2Φ)
= Φ(∆fϕ
2) + ϕ2(∆fΦ) + 2〈∇ϕ2,∇Φ〉,
and taking into account that
〈∇ϕ2, ∇Q〉 = Φ〈∇ϕ2,∇ϕ2〉+ ϕ2〈∇ϕ2,∇Φ〉,
we therefore obtain
ϕ2∆fQ =
(
ϕ2Φ
)
∆fϕ
2 + ϕ4∆fΦ + 2ϕ
2〈∇ϕ2,∇Φ〉
=
(
ϕ2Φ
)
∆fϕ
2 + ϕ4∆fΦ + 2〈∇ϕ2,∇Q〉 − 2Φ〈∇ϕ2,∇ϕ2〉.(4.18)
Thereby, by using ∆fϕ
2 = 2|∇ϕ|2 + 2ϕ∆fϕ and (4.17), we infer
ϕ2∆fQ ≥ Q
(
2|∇ϕ|2 + 2ϕ∆fϕ
)
+ ϕ4
(
1
2
Φ2 − β
)
+2〈∇ϕ2,∇Q〉 − 8Φϕ2|∇ϕ|2
≥ 1
2
Q2 − cQ+ 2〈∇ϕ2,∇Q〉 − β.(4.19)
Therefore, by the standard maximum principle argument, we conclude that
Q ≤ c+ (c2ε) f2
on D(3ρ2). Since Q = ϕ2Φ and ρ > 0 is arbitrarily large, it holds that
|Rm| ≤ |Rm|+ |Ric|2 ≤ c+ (c2ε) f2,
on M \ D(r0). Clearly, the constant c can be chosen large enough so that (2) in
Theorem 4 holds on all M . This finishes the proof of the theorem. 
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